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Abstract
In our earlier work, we used Einstein-Hilbert path integrals to quantize gravity in loop
quantum gravity. The observables are actually area and curvature of a surface and volume of
a three dimensional manifold, which are quantized into operators acting on quantum states.
The quantum states are defined using a set of non-intersecting loops in R× R3.
A successful quantum theory of gravity in R × R3 should be invariant under the diffeo-
morphism group. This means that the eigenvalues of the quantized operators should yield
invariants for ambient isotopic classes of surfaces and three dimensional manifold. In this ar-
ticle, we would like to discuss some of these invariants which appear in loop quantum gravity.
We will also define and discuss an equivalence class of submanifolds to be considered in loop
quantum gravity.
MSC 2010: 51H20, 57Q45
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General Relativity is a theory invariant under diffeomorphism of the underlying manifold.
Furthermore, the idea of quantum gravity being invariant of diffeomorphism is also mentioned
in [1] and evident in [2]. Therefore, in any attempt to quantize gravity, one has to preserve the
diffeomorphism constraint. See [3].
As stated in [4], according to a theorem by Geroch, any globally hyperbolic 4-manifold has to
be of the form R×M , whereby M is a 3-manifold. See [5]. For a start, we consider our 4-manifold
to be R× R3, which will be our ambient space.
In the study of Loop Quantum Gravity, one of the key players would be loops in R4, which one
can think of as a 1-dimensional manifold. As seen in [1], any computations done in the quantum
general relativity should be invariant under equivalence class of these loops. This implies that the
theory should give us loop invariants. So it is important that we discuss some topological invariants
of loops.
Another geometrical object that appears in Loop Quantum Gravity would be a compact surface,
with or without boundary. As seen in [6] , [7] and [8], the surface plays an important role in the
quantization of area and curvature.
Finally, a 3-dimensional compact region, viewed as a 3-dimensional manifold, also appears in
the quantization process of volume, see [8] and also [9]. Put all these together, one can see that
Loop Quantum Gravity is a study of submanifolds in a 4-dimensional manifold.
In all the calculations discussed in the articles cited above, one finds that topological invariants
appear. This is necessary, for if a successful theory of Loop Quantum Gravity is achieved, then
the calculations should be invariant under the diffeomorphism group, as implied in [1].
One such invariant is the linking number between submanifolds. Linking is a topological con-
cept; two loops are linked if it is impossible to translate one loop by an arbitrary distance from
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the other loop without the two objects actually crossing one another. In the case of a loop and a
closed surface, we can also link them together in a 4-manifold. Finally, the idea extends to that of
a 3-dimensional spatial region and a set of finite points, viewed as a 0-dimensional manifold.
But a set of loops in R4 do not have a non-trivial linking-number, as one can topologically
deformed the loops without crossing, to yield trivial linking-number. In order to have a non-trivial
theory of Loop Quantum Gravity, we need to define an equivalence relation on the set of loops.
1 Hyperlinks in R4
In physics, the speed of light c and the Planck’s constant ~ play an important role. In this article,
we set c = ~ = 1.
Consider our ambient space R4 ≡ R×R3, whereby R will be referred to as the time-axis and R3
is the spatial 3-dimensional Euclidean space. Fix the standard coordinates on R4 ≡ R× R3, with
time coordinate x0 and spatial coordinates (x1, x2, x3). Let π0 : R
4 → R3 denote this projection.
Let {ei}3i=1 be the standard basis in R
3. And Σi is the plane in R
3, containing the origin,
whose normal is given by ei. So, Σ1 is the x2 − x3 plane, Σ2 is the x3 − x1 plane and finally Σ3 is
the x1 − x2 plane.
Note that R× Σi ∼= R3 is a 3-dimensional subspace in R4. Here, we replace one of the axis in
the spatial 3-dimensional Euclidean space with the time-axis. Let πi : R
4 → R × Σi denote this
projection.
For a finite set of non-intersecting simple closed curves in R3 or in R×Σi, we will refer to it as
a link. If it has only one component, then this link will be referred to as a knot. A simple closed
curve in R4 will be referred to as a loop. A finite set of non-intersecting loops in R4 will be referred
to as a hyperlink in this article. We say a link or hyperlink is oriented if we assign an orientation
to its components.
We need to consider the space of hyperlinks in R× R3, which is too big for our consideration.
Given any hyperlink in R × R3, it is ambient isotopic to the trivial hyperlink, a disjoint union
of trivial loops. So the equivalence class of ambient isotopic hyperlinks will give us only the
trivial hyperlink, which is too trivial. Hence we will instead consider a special equivalence class of
hyperlinks.
Definition 1.1 (Time-like separation)
Let p, q be 2 points in R× R3, with coordinates (x0, x1, x2, x3) and (y0, y1, y2, y3) respectively. We
say p and q are time-like separated if the Minkowski distance between p, q,
3∑
i=1
(xi − yi)
2 − (x0 − y0)
2 < 0.
We also say p and q are space-like separated if the Minkowski distance between p, q,
3∑
i=1
(xi − yi)
2 − (x0 − y0)
2 > 0.
When 2 points are time-like separated, we see that their time components must be different.
Notice that we use the Minkowski metric to define the time-like separation. In Quantum Field
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Theory, one uses the Minkowski metric. But in General Relativity, this is no longer correct as the
metric is actually a variable and the stress-energy tensor would determine the correct metric by
solving the Einstein’s equations.
This means that there should be no background metric and the quantized theory of gravity
should be background independent. Therefore, one should not use Minkowski metric and since
there is no notion of a preferred metric, there is no such thing as time-like separation. See [4] and
[10]. Nevertheless, we will still borrow the term ‘time-like’ and define the following special class of
hyperlinks we would like to consider.
Definition 1.2 (Time-like hyperlink)
Let L be a hyperlink. We say it is a time-like hyperlink if given any 2 distinct points p ≡
(x0, x1, x2, x3), q ≡ (y0, y1, y2, y3) ∈ L, p 6= q,
1. (T1)
∑3
i=1(xi − yi)
2 > 0;
2. (T2) if there exists i, j, i 6= j such that xi = yi and xj = yj, then x0 − y0 6= 0.
We make the following remarks, which is immediate from the definition.
Remark 1.3 1. In Condition T1, we insist that any 2 distinct points in a hyperlink are sepa-
rated in 3-dimensional spatial space R3. This is to ensure that when we project the hyperlink
in R3, we obtain a link.
2. Conditions T1 and T2 imply that given a hyperlink L, for each i = 1, 2, 3, πi(L) ∈ R×Σi is
a link. Furthermore, they guarantee that for each crossing as defined in Subsection 1.1, its
algebraic crossing number and its time-lag are well-defined.
Definition 1.4 Two oriented time-like hyperlinks L and L′ in R × R3 are time-like isotopic to
each other if there is an orientation preserving continuous map F : R×R3× [0, 1]→ R×R3, such
that
1. F0 is the identity map;
2. Ft is a homeomorphism from R× R3 to R× R3;
3. F1(L) = L
′;
4. each Ft(L) is a time-like hyperlink.
In other words, two time-like hyperlinks L1 and L2 in R × R3 are time-like isotopic if L1 can be
continuously deformed to L2 while remaining time-like.
Remark 1.5 By definition, L and L′ in R× R3 are time-like isotopic to each other implies that
1. π0(L) and π0(L
′) are ambient isotopic to each other in R3;
2. πi(L) and πi(L
′) are ambient isotopic to each other in R× Σi, i = 1, 2, 3.
Throughout this article, all our hyperlinks will be time-like and we consider equivalence classes
of such hyperlinks using Definition 1.4.
Definition 1.6 For any ~p = (p0, p1, p2, p3) ∈ R× R3, we define τ(~p) = p0. Given two loops l and
l, we say that l < l if for any ~p ∈ l, any ~q ∈ l, we have that τ(~p) < τ(~q). When l < l, we say that
the loop l occurs before the loop l. If l > l, we say that the loop l occurs after the loop l.
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1.1 Link Diagrams
The next thing that we want to define is the hyperlinking number of a hyperlink. This should be
thought of as a generalization of the linking number of a link, as described in Definition 4.3 in [11].
Indeed, one can calculate the hyperlinking number from a link diagram.
Any link in R3 can be represented by a link diagram, up to isotopy. This allows us to study
links using link diagrams. Two link diagrams D and D′ are (planar) isotopic if there exists an
isotopy h of R2 such that h(1, D) = D′. To check if D and D′ are isotopic, it suffices to show that
D can be obtained from D′ by a sequence of Reidemeister Moves.
A crossing p on an oriented link diagram is represented (up to isotopy) either by
??__
or
??__
.
We assign the value ε(p) := +1 for the diagram on the left; ε(p) := −1 for the diagram on the
right. Note that ε(p) is also known as the algebraic crossing number of the crossing p.
Given 2 oriented simple closed curves l and l which are non-intersecting in R3, project it on Σi
and write DP(Σi; l, l) to denote the set of all crossings in a link diagram of curves l and l. Define
the linking number between l and l,
lk(l, l) :=
∑
p∈DP(Σi; l,l)
ε(p).
The linking number between 2 oriented curves is an invariant up to ambient isotopy, so it does not
matter which plane we project it onto.
Recall a hyperlink is a finite set of non-interesting simple closed curves in R×R3 and considered
as time-like, as defined in Definition 1.2. We can project a hyperlink on Σi to form a link diagram
as before. Suppose each crossing p on a link diagram is formed from projecting 2 arcs C and C
from respective loops l and l.
Let ~x = (x0, x) ∈ C and ~y = (y0, y) ∈ C respectively, with x, y ∈ R3, such that p is the
projection of x and y onto the plane Σi. Note that x0 and y0 are the time components of ~x and ~y
respectively.
Define the time-lag of p by
sgn(p; : l0, l0) =
{
1, x0 < y0;
−1, x0 > y0,
and the hyperlinking number between l and l as
sk(l, l) :=
3∑
k=1
∑
p∈DP(Σk;l,l)
ε(p) · sgn(p; l0 : l0).
Remark 1.7 Let L be an oriented time-like hyperlink. Note that the crossing number ε(p) for a
crossing p in a link diagram in Σk depends on projecting π0(L) onto Σk, k = 1, 2, 3. The time-lag
of the same crossing p depends on projecting πk(L) ∈ R× Σk onto Σk.
Unlike the linking number, the hyperlinking number is not an invariant under time-like isotopy.
To make it an invariant, we need to impose an extra condition on a hyperlink.
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Definition 1.8 (Time-ordered pair of hyperlinks)
Suppose we have a time-like hyperlink, denoted as χ(L,L), consisting of 2 non-empty sets of time-
like hyperlink, denoted as L = {l
1
, · · · , l
n
} and L = {l1, · · · , ln} respectively.
Pick a component loop l
u
⊂ L and another component loop lv ⊂ L. Refer to Definition 1.6.
We require that either
• l
u
< lv;
• or l
u
> lv.
That is, we can define a partial ordering for each component of l
u
in L with each component in
lv in L. In this case, we say that the time-like hyperlink χ(L,L) consists of a time-ordered pair of
time-like hyperlinks.
If we can order l
u
and lv, then the hyperlinking number between l
u
and lv will be
sk(l, l) =
{
3× lk(π0(l
u
), π0(l
v)), l
u
< lv;
−3× lk(π0(l
u
), π0(l
v)), l
u
> lv.
Note that sk(l
u
, lv) = −sk(lv, l
u
).
Definition 1.9 Let χ(L,L) be a time-like hyperlink which consists of a pair of time-ordered hy-
perlinks L = {l
1
, · · · , l
n
} and L = {l1, · · · , ln} as defined in Definition 1.8. We say that χ(L,L) is
time-like isotopic to a hyperlink χ(L
′
, L′), preserving the time-ordering, if there exists a continuous
map F as defined in Definition 1.4, and we have that Ft(l
u
) < Ft(l
v) or Ft(l
u
) > Ft(l
v) for all t.
Remark 1.10 Suppose l
u
< lv. Then we must have Ft(l
u
) < Ft(l
v) for all t.
We will now consider equivalence classes of time-like hyperlinks χ(L,L), which consists of a
time-ordered pair. First, note that this will not include all time-like hyperlinks, as the component
loops may not be time-ordered. Those pair of hyperlinks which cannot be ordered as described in
Definition 1.8 will not be in the equivalence class.
Second, suppose we have a pair of loops, (l, l), such that under time-like isotopy, we can change
the ordering from l < l to l > l. Suppose we let L = (l, l) be a time-like hyperlink, with l < l and
L′ be time-like isotopic to L, but with l > l. Then, we will treat L and L′ to be inequivalent under
the above relation.
Remark 1.11 This time-ordering between loops will imply causality in loop quantum gravity. The
equivalence relation says that we are not allowed to consider homeomorphisms in space-time that
violates causality.
Under time-like isotopy that preserves the time-ordering, the hyperlinking number between
equivalent classes of l
u
and lv will now be an invariant.
Theorem 1.12 Consider two oriented time-like hyperlinks, L = {l
u
}nu=1, L = {l
v}
n
v=1 in R× R
3
with non-intersecting (closed) loops, which together form a new oriented time-ordered pair of time-
like hyperlinks, denoted by χ(L,L).
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Define for each u = 1, . . . , n,
sk(L,L) :=
n∑
u=1
n∑
v=1
sk(l
u
, lv),
calculated from χ(L,L).
Consider now the equivalence class of χ(L,L), under time-like isotopy which preserves the time-
ordering as given in Definition 1.9. Then the hyperlinking number between L and L is invariant
under this equivalence relation.
Proof. It suffices to show that for each u = 1, · · · , n and each v = 1, · · · , n, sk(l
u
, lv) is
invariant under the equivalence relation. Suppose l
u
< lv. As discussed earlier, sk(l
u
, lv) =
3× lk(π0(l
u
), π0(l
v)).
Now, lk(π0(l
u
), π0(l
v)) is invariant under any time-like isotopy of the hyperlink consisting of
l
u
and lv. By Remark 1.10, the time-lag for all the crossings in a link diagram projected on Σi,
i = 1, 2, 3, for any continuous deformation of π0(l
u
) and π0(l
v) will be the same, and it will never
change sign. Hence the hyperlinking number sk(l
u
, lv) remains invariant under time-like isotopy, as
long as the time ordering of the continuous deformation of l
u
and lv is also preserved throughout
the time-like isotopy.
2 Surfaces
Choose an orientable, compact surface S ⊂ R4, with or without boundary. When S has no
boundary, we will henceforth call it closed. Do note that we allow S to be disconnected. Pick a
loop l ⊂ R4, disjoint from S, and project them onto R3, denoted by π0(l) and π0(S) respectively,
such that π0(l) intersect π0(S) at finitely many points.
Note that when we project S inside R3, π0(S) may not be a surface. But we only consider
ambient isotopic equivalence classes of surface. Thus, for each point q ∈ S, we can choose a smaller
surface q ∈ S′ ⊂ S, such that π0(S
′) is indeed a surface inside R3. So we shall assume that π0(S)
is a surface. Furthermore, we assume that π0(l) intersects π0(S) at finitely many points and we
do not allow π0(l) to be tangent to π0(S) at any such intersection points.
Let DP(π0; l, S) denote the set of finitely many intersection points between π0(l) and π0(S) as
described in the preceding paragraph, henceforth termed as piercings. Choose a non-zero normal
nS on π0(S) and orientate π0(l) and let νl be the non-zero tangent vector along the oriented curve
π0(l) in R
3. For a piercing p, define the orientation of p, sgn(p; l, S), which takes the value +1 if
nS(p) · νl(p) > 0; −1 if nS(p) · νl(p) < 0. This choice of orientation is consistent with the volume
form dx1 ∧ dx2 ∧ dx3 on R3.
For each such piercing p, let (x0, x) ∈ S, (y0, y) ∈ l such that p = π0(x0, x) = x and p =
π0(y0, y), so p = x = y ∈ R3. Define the height of p,
ht(p; l, S) =
{
1, x0 < y0;
−1, x0 > y0.
Define the algebraic piercing number of p as
ε(p) := sgn(p; l, S) · ht(p; l, S).
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And we define the linking number between l and S as
lk(l, S) :=
∑
p∈DP(π0;l,S)
ε(p).
We can also define the linking number of S and l by using πi and projecting it inside R×Σi, for
i = 1, 2, 3. The height of any piercing p ∈ πi(S)∩πi(l) will now be defined using xi and yi, positive
when xi > yi; negative otherwise, for (x0, x1, x2, x3) ∈ S and (y0, y1, y2, y3) ∈ l. The orientation
will be defined using the orientation of the curve πi(l) and the non-zero normal on πi(S). The
orientations on R × Σ1, R × Σ2 and R × Σ3 are determined by volume forms dx0 ∧ dx3 ∧ dx2,
dx0 ∧ dx1 ∧ dx3 and dx0 ∧ dx2 ∧ dx1 respectively.
2.1 Surfaces without boundary
From page 43 in [12], one can define a linking number between a closed surface S and a loop. We
now show that the linking number between l and S as defined earlier, is an invariant under ambient
isotopy of both l and S.
Recall we defined τ in Definition 1.6. Let S be a closed surface. Then, let δ = inf~x∈S τ(~x) and
δ = sup~x∈S τ(~x). Without any loss of generality, we assume that δ ≤ 0 and δ ≥ 0. Let l be a loop
in R4, disjoint with S. An arc will be referred to as a connected subset inside a curve throughout
this article.
Definition 2.1 (Interior and exterior)
Consider a connected, closed surface S0 in R
3. Then S0 will divide R
3 into 2 open sets, one is
bounded and the other is unbounded. We will refer the bounded set as the interior of S0; the latter
as the exterior of S0.
Definition 2.2 (Movement W )
Suppose we have an open curve C0, which lies in the interior, except its two end points p and
q, which intersect the surface S0, all inside R
3. We can slowly pull the two ends of the arc,
withdrawing it into the exterior of S0, such that the arc continues to intersect S0 at two intersection
points. Continue this process until the arc is tangent to the surface, or just touches the surface at
only one intersection point. If we further withdraw the arc, it will now lie totally in the exterior,
disjoint with the surface S0.
Suppose we have an open arc C and a closed surface S in R4. We will term a continuous
deformation of C as Movement W between C and S, if C is ambient isotopic to C′ in R4, with
• during the ambient isotopy between C and C′, the intermediate deformed arcs between C and
C′ remains disjoint with S;
• this continuous deformation of arcs between C and C′ projects down onto R3 using π0, and it
gives us an ambient isotopy between π0(C) and π0(C
′) as described in the preceding paragraph,
with π0(C) and π0(C
′) lying in the interior and exterior of π0(S) respectively.
Remark 2.3 Note that when we apply Movement W , we are removing two piercings between π0(C)
and π0(S).
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Lemma 2.4 Let C be an arc inside the loop l, i.e. C is a connected curve in the loop. Suppose
S is a closed surface in R× R3. We can apply the Movement W or its inverse, between an arc C
and a surface S, if and only if we have either τ(~x) > δ or τ(~x) < δ for every ~x ∈ C.
Proof. To help the reader to understand the proof, we further assume that π0(S) is also closed
inside {0} × R3, even though the proof does not make use of this assumption. Suppose C lies in
the exterior, disjoint from π0(S) and for every ~x ∈ C, we have τ(~x) > δ. Thus, there exists a small
surface S′ (with boundary) inside S, whereby S′ is homeomorphic to a small disc in R2, such that
for any ~x ∈ C, we have τ(~x) > τ(~y) for any ~y ∈ S′. This means that we can continuously deform
C ⊂ R× R3 into C′ ⊂ R× R3, such that the deformed arc π0(C′) intersects the surface π0(S′) at
two piercings, call them p ∈ π0(S′) and q ∈ π0(S′) respectively. Note that p and q correspond to
points (p0, p) ∈ C′ and (q0, q) ∈ C′ respectively. Since we can always keep the time components
bigger than τ(~y) for any ~y ∈ S′ during the deformation process, any intermediate deformed curve
between C and C′ remains disjoint from S′. The argument for the case when τ(~x) < δ is similar.
Now to prove the other direction. Suppose not. There exists a ~x ∈ C such that τ(~x) < δ and
a ~y ∈ C such that τ(~y) > δ. We want to show that if π0(C) intersects π0(S) at two piercings,
then we cannot apply Movement W and hence withdraw the arc π0(C), which initially lies in the
interior of π0(S), totally out into the exterior of π0(S).
Continuously deform the arc C into an arc C′, while remaining disjoint with S, such that we
are pulling the ends of the arc π0(C) into the exterior during the process. Let S1 and S2 be two
disjoint surfaces in S, such that
• ~p′ is a point in C′, π0(~p′) is the only intersection point between π0(C′) and π0(S1) with
ǫ > τ(~p′) > τ(~y) > 0 for all ~y ∈ S1;
• ~q′ is a point in C′, π0(~q
′) is the only intersection point between π0(C
′) and π0(S2) with
ǫ < τ(~q′) < τ(~z) < 0 for all ~z ∈ S2,
for very small numbers ǫ > 0 and ǫ < 0.
To completely withdraw π0(C) out of the interior of π0(S), the continuous deformation of C
will give us an arc C′′ such that π0(C
′′) will be tangent to π0(S) or just intersect π0(S) at one
point. This means there is one point ~r ∈ C′′ such that π0(~r) is the intersection point between
π0(C
′′) and π0(S). But the continuous deformation of C will hence force both ǫ and ǫ going to 0,
thus τ(~r) = 0 and ~r ∈ S. This means that C′′ will intersect S at ~r. This is a contradiction.
Given a closed surface S in R×R3, we can project S inside R×Σi using the projection πi. We
will now show that the linking number between l and S is a topological invariant in R × R3, and
it is independent on how we project it inside a hypersurface inside R × R3. Thus, we could have
chosen to project it inside R× Σi and obtain the same linking number between l and S.
Theorem 2.5 The linking number between l and S is an invariant, under ambient isotopy of l
and S. Furthermore, we can project l and S using πi, i = 1, 2, 3 to obtain the same linking number.
Proof. For simplicity, we assume that π0(S) is closed, even though the proof does not make
use of this assumption. First consider computing the linking number by projecting l and S in R3
using π0. Suppose we have points ~x and ~y in l, such that π0(~x) and π0(~y) are piercings on π0(S).
Let C be an arc in the loop l ⊂ R4, containing points ~x and ~y, such that the arc π0(C) from π0(l),
joining π0(~x) and π0(~y), lies in the interior of π0(S). It suffices to show that the linking number
remains invariant under Movement W .
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By Lemma 2.4, we can remove these two piercings using Movement W , when either τ(~x) and
τ(~y) are both more than δ or both less than δ. In either case, we note that the height at both
π0(~x) and π0(~y) are the same, but the orientation at π0(~x) is of the opposite sign of the orientation
at π0(~y). Thus, π0(~x) and π0(~y) have opposite algebraic number, so both their algebraic crossing
numbers do not contribute to the linking number. Hence, the linking number remains invariant by
removing these two points, using Movement W .
We will now show that if we project l and S using π3 and compute its linking number from
piercings using the projected loop and surface, we will obtain the same number. The arguments
for the case when we use projections π1 and π2 are similar.
Suppose we have an arc C in the loop l ⊂ R × R3, which projects inside the interior of π0(S)
using π0. The end points ~x and ~y in C will project down to give us piercings π0(~x) ∈ π0(S1) and
π0(~y) ∈ π0(S2), for some surfaces S1 and S2 in S. Using ambient isotopy of S, we will assume that
π0(S1) and π0(S2) are surfaces. There are two cases we need to consider.
Case 1: Suppose that both τ(~x) and τ(~~y) are greater than δ or both are less than δ. In this
case, note that the orientations of π0(~x) and π0(~y) are of opposite signs, but the height are the
same. So the sum of their algebraic crossings will be 0.
Project C, S1 and S2 inside R × Σ3 using π3, assuming that π3(S1) and π3(S2) are surfaces.
Note that it is possible that in the projection, π3(S1) = π3(S2). Either we have no piercings in
π3(S1), or without any loss of generality, we will have an even number of piercings on π3(S1). Now,
each arc in π3(C) that link consecutive piercings on π3(S1) will have opposite orientation and same
height. So the sum of algebraic crossings of these set of piercings, if non-empty, will also be 0.
Hence, when we have an arc C and surface S1, using π0 or π3 to compute the sum of algebraic
crossings of piercings will yield 0. The same argument applies to the surface π3(S2).
Case 2: In this case, we have that τ(~x) > δ and τ(~y) < δ, so we cannot withdraw π0(C) out
of the interior of π0(S). Furthermore, we may and will assume that S1 and S2 are disjoint. Note
that the piercings π0(~x) and π0(~y) will now have the same algebraic number.
Project C and the surfaces S1 and S2 inside R × Σ3, using π3. Again it is possible that in
the projection, π3(S1) = π3(S2). Because τ(~x) > δ and τ(~y) < δ, we have the existence of points
~x ∈ C and ~y ∈ C, such that π3(~x) ∈ S1 and π3(~y) ∈ S2 are piercings, and we have the arc π3(C)
linking the surfaces π3(S1) and π3(S2). The points π0(~x) and π0(~y) must lie strictly in the interior
of π0(S).
It is possible that we may have more than one piercings on π3(S1) and π3(S2). Suppose that we
have a connected arc C¯ ⊂ C such that π3(C¯) pierce the surface π3(S1) at odd number of piercings.
Note that π0(C¯) must lie strictly in the interior of π0(S), and all the piercings in π3(S1) will have
the same height. But their orientations will differ for consecutive piercings joined together by an
arc. Thus, the sum of the algebraic numbers for these piercings in π3(S1) will be ±1.
But we can continuously deform C¯ into an arc C˜, while maintaining π0(C¯), π0(C˜) and the
intermediate arcs between them, remaining strictly in the interior of π0(S), which when projects
down into R×Σ3, is described by pulling one end of the arc π3(C¯) continuously into an arc π3(C˜)
which intersects π3(S1) at only one piercing. Similar argument for the surface π3(S2). During such
a process, the computation of the linking number using π3, remains the same.
Thus, we may assume that we have an arc C containing two points ~x and ~y, and two surfaces
S1, S2 ⊂ S, which projects down using π0, piercing π0(S1) and π0(S2) at only points π0(~x) and
π0(~y) respectively. Furthermore, the arc C contains ~x and ~y, which projects down using π3, piercing
π3(S1) and π3(S2) at only points π3(~x) and π3(~y) respectively.
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There are only two possible scenerios for the piercings π3(~x) and π3(~y). The first scenerio will
be when the piercings π3(~x) and π3(~y) will have opposite orientation, but π0(~x) lies below π0(S1)
and π0(~y) lies above π0(S2) or vice versa. The second scenerio will be when the piercings π3(~x) and
π3(~y) have the same orientation, but both the surfaces π0(S1) and π0(S2) lie above the piercings
π0(~x) and π0(~y); or both surfaces lie below the piercings π0(~x) and π0(~y). In any case, both of
these piercings must have the same algebraic number.
It is easy to see that the algebraic sums of π3(~x) + π3(~y) is the same as the algebraic sums
of π0(~x) + π0(~y). Thus by summing all all the algebraic crossings of piercings between π3(l) and
π3(S), we obtain the same number as if we sum up all the algebraic crossings of piercings between
π0(l) and π0(S). This completes the proof.
For any hyperlink L = {l1, · · · , ln}, we will now define the linking number between L and S,
as
lk(L, S) :=
n∑
u=1
lk(lu, S).
It is an invariant under ambient isotopy of S and L.
We would like to end this subsection with the following remark. Imagine that the closed surface
is formed during the time period [δ, δ]. From Lemma 2.4, we see that it suffices to consider piercings
on the surface, joined by an arc which lie in the interior, such that [δ, δ] is contained inside the time
duration between the formation of these two piercings. That is, one piercing is formed before time
x0 = δ, the other piercing is formed after time x0 = δ, both joined by an arc. This event consists
of 3 occurrences, a piercing is first formed, followed by the formation of the closed surface, and
finally a piercing is formed. This sequence of occurrences cannot change, under ambient isotopy
of the loop and surface.
2.2 Surfaces with boundary
We will now consider when S ⊂ R×R3 has a boundary, ∂S. If we have a loop l in R×R3, under
ambient isotopy, l can be ‘unlink’ from ∂S, so this means that the linking number between S and
l will be trivial.
To obtain a non-trivial linking number, we may impose the condition that the boundary ∂S,
together with the loop l, must be a time-like hyperlink, which we will denote as χ(l, ∂S). And
any ambient isotopy of l and S should maintain χ(l, ∂S) as time-like. But there is no reason why
by keeping the boundary and the loop time-like, the linking number between the surface and the
loop will be an invariant. The problem is due to the fact that the hyperlinking number is not an
invariant under time-like isotopy.
Definition 2.6 Let l be a time-like loop and S be a compact surface with boundary. We say that
l is time-ordered with S, if τ(~x) < τ(~y) for every ~x ∈ l and ~y ∈ S. We will denote this relation as
l < S by abuse of notation. If τ(~x) > τ(~y) for every ~x ∈ l and ~y ∈ S, we will write it as l > S.
When we project S and l using π0 in R
3, note that π0(χ(l, ∂S)) will form a link in R
3, by
definition of time-like isotopy.
Proposition 2.7 Let l be a loop in R × R3 and S is a surface with boundary ∂S. Suppose l is
time-ordered with S. Then the linking number between l and S is equal to −1/6× sk(l, ∂S). If we
project using πi, i = 1, 2, 3, then the linking number between l and S is 0.
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Proof. When we project S in R3, note that without loss of generality, π0(S) is a Seifert
surface, with boundary π0(∂S). From [13], we know that the linking number between π0(S) and
π0(l), computed by summing up only the orientation of piercings in π0(S), is equal to 1/2 times
the linking number between π0(∂S) and π0(l). Hence, lk(l, S) = −1/6× sk(l, ∂S).
Now consider using the projection πi. Again, πi(S) is a Seifert surface for πi(∂S). But because
τ(~x) < τ(~y) or τ(~x) > τ(~y) for every ~x ∈ l and ~y ∈ S, hence πi(l) will not intersect πi(S). So there
is no piercing, therefore the linking number is 0.
Remark 2.8 When S has a boundary, then the linking number with a loop is no longer a topological
invariant.
Definition 2.9 Start with a time-like loop l, disjoint from a compact surface S with boundary ∂S.
We also assume that ∂S, together with l, is a time-like hyperlink. We say that (l, S) is time-like
isotopic to a pair (l′, S′), preserving the time-ordering, if there is a continuous map F as described
in Definition 1.4 such that F1(S) = S
′, F1(χ(l, ∂S)) = χ(l
′, ∂S′), and the time-ordering between
intermediate deformations Ft(l) and Ft(S) remains unchanged. Hence l < S if and only if l
′ < S′.
We can then define an equivalence relation and hence define an equivalence class containing a pair
(l, S).
Remark 2.10 Here, we impose time-ordering, implying causality and the equivalence relation
ensures that it is not violated under the isotopy process.
Corollary 2.11 Suppose a time-like loop l and the boundary ∂S of a closed and bounded surface S,
together form a time-like hyperlink and l is time-ordered with S. Then the linking number between
l and S, with boundary ∂S, is invariant under time-like isotopy of (l, S), as defined in Definition
2.9.
Proof. Suppose S < l. First consider using π0 to compute the linking number. In this case,
because of the time-ordering, all the piercings have the same height, hence the linking number
between l and S is equal to the sum of the orientations, which is also equal to 1/2 times the linking
number between π0(l) and π0(∂S). When we use πi, i = 1, 2, 3, then there will be no piercings
between πi(l) and πi(S), so the linking number is 0. Furthermore, πi(l) is unlink from πi(∂S), so
the linking number between these links is also 0.
In any case, since during the time-like isotopy, this linking number between intermediate de-
formed knot πa(l) and the deformed link πa(∂S) is an invariant, and the time-ordering preservation
during the ambient isotopy will also ensure that there is no change in sign for the height and no
piercings, therefore the linking number between a loop and a surface remains invariant under the
isotopy.
For a time-like hyperlink L = {11, · · · , ln}, define the linking number between L and a surface
S with boundary, as
lk(L, S) :=
n∑
u=1
lk(lu, S).
Note that we require that for each u = 1, · · · , n, lu is time-ordered with S. Then the linking number
is an invariant under any ambient isotopy of L and S, as long as the process keeps the deformed
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hyperlink and the boundary together as a time-like hyperlink, while preserving the time-ordering.
This applies for the computation using πa, a = 0, 1, 2, 3.
We can also define an equivalence relation on the pair (L, S) using time-like isotopy, preserving
time-ordering, analogous to the case for a pair consisting of a loop and a surface, as defined in
Definition 2.9.
2.3 Piercing number
Let L be a time-like hyperlink and S be a compact surface, with or without boundary. Let
DP(π0;L, S) denote the set of piercings between π0(L) and S and |DP(π0;L, S)| is the total
number of piercings in the set. Now, |DP(π0;L, S)| is not invariant under ambient isotopy of a
hyperlink L and a surface S, since using Movement W , we can introduce more piercings.
Consider the case when S is compact, without boundary. By Lemma 2.4, we can apply Move-
ment W repeatedly, so that any connected arc in L, joining piercings π0(~x) ∈ S and π0(~y) ∈ S,
satisfy τ(~x) > δ and τ(~y) < δ, for points ~x, ~y inside a component loop in L.
Definition 2.12 (Piercing number)
Suppose a surface S has no boundary and L is a time-like hyperlink. For a pair (L, S), without
loss of generality, we can always choose a representative (L′, S′) of the equivalence class [(L, S)] =
[(L′, S′)], using ambient isotopy as equivalence relation, such that any arcs inside L′ has the above
property, as described in the preceding paragraph. We define the piercing number between L and
S, denoted as νS(L), by counting the number of piercings between π0(L
′) and π0(S
′).
If S has boundary ∂S, we will write (L′, S′) ∼ (L, S) to mean the equivalence relation as
described in Definition 2.9. Write |(L′, S′)| to mean the total number of piercings between π0(L′)
and π0(S
′), and define
♯(L′, S′) :=
{
|(L′, S′)|, all the intersection points between π0(L′) and π0(S′) are piercings;
∞, otherwise.
The piercing number between L and S, denoted as νS(L), will be the infimum of ♯(L
′, S′),
taken over all possible pair (L′, S′) which is equivalent to (L, S) under time-like isotopy, preserving
time-ordering.
When S has no boundary, the piercing number will be a topological invariant between L and
S, by definition. But when S has boundary, the situation is different.
As discussed earlier, the linking number between a hyperlink with a surface with boundary is
not a topological invariant, but an invariant under the equivalence class, using time-like isotopy,
preserving time-ordering, as given in Definition 2.9. Hence, the piercing number will also be an
invariant under this equivalence relation. Because we are using π0 as the projection, we will obtain
a non-trivial piercing number between a hyperlink and a surface.
3 Framed hyperlinks
Let v be a non-tangential vector field on a knot γ. Now shift the knot along ǫv, whereby ǫ > 0 and
is small. Call this shifted curve γǫ := γ + ǫv. A framing of a knot is a homotopy class of normal
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vector fields on γ where two normal vector fields are said to be homotopic if they can be deformed
into one another within the class of normal vector fields. Thus, the vector field v defines a frame
for the knot γ and {γ, v} is called a framed knot or ribbon.
Now consider γ and γǫ as separate knots. Project it down onto Σi plane to form a link diagram
as above. A half-twist is formed when a displaced copy of an arc inside γǫ twirls around the
original arc in γ, which projects onto a plane to form a crossing q. This is analogous to the two
arcs forming the outline of a thin strip piece of paper and twisting it by π, giving us a half twist.
Thus, we can define the algebraic crossing of the half-twist as ε(q). For a more detailed description
of a half-twist, we refer the reader to [14].
A framed link L ⊂ R3 will be a finite set of non-intersecting simple closed curves, whereby each
component knot is equipped with a frame. We can project it onto a plane as described above.
Two link diagrams represent the same framed link, if one diagram can be obtained from the other
diagram, by a sequence of Reidemeister moves I′, II and III. Reidemeister move I′ says that twisting
in one direction, followed by twisting in the opposite direction, undo both twists. See page 271
in [15], Figure 8.2, which also shows a full twist. A full twist is just two consecutive half twists,
twisted in the same direction, placed together. In any planar diagram of a framed link, we can
always assume that half twists occur in pairs, thus forming a full twist. Two framed links L and
L′ are ambient isotopic to each other if when projected on the same plane to form link diagrams
D and D′ respectively, we can obtain D′ from D by a finite sequence of Reidemeister moves.
Since twisting a ribbon in the positive direction, followed by twisting it in the negative direction,
undo all the twists, hence we can and will assume that all the half-twists on a knot have the same
algebraic number. Therefore, we can and will always assume that the total number of half-twists
is a minimum on a framed knot. Obviously, the set of half-twists in a link-diagram will depend on
which plane we project the framed knot on. However, the total number of half-twists will be the
same and is an even number, independent of the plane we choose.
A framed hyperlink will be a hyperlink whereby each component loop lu, when projected in R3
to form a knot π0(l
u), is equipped with a frame. When we say a framed hyperlink L is time-like
isotopic to framed hyperlink L′, we mean that L and L′ are time-like isotopic as in Definition 1.4
and furthermore, π0(L) and π0(L
′) are ambient isotopic as framed links in R3.
Now half-twists lie in a link diagram. However, we can ‘lift’ these half-twists and represent
them as nodes on π0(l). Therefore, in future, we will now view a framed knot as a knot in R
3,
but with nodes attached to it. We can define the algebraic number of a node to be equal to the
algebraic crossing number of its corresponding half-twist.
For a framed loop l, let Nd(π0(l)) be the set of nodes on a projected loop π0(l), assuming all of
them have the same sign for its algebraic number. This means that we have the minimum number
of nodes on the framed knot. Equivalence class of framed loop l allows us to move the nodes along
the framed knot π0(l), so we should view Nd(π0(l)) as an equivalence class.
Let R be a bounded and possibly disconnected 3-dimensional manifold inside spatial space R3,
containing all of its boundary. We will term R as a compact region and view R ⊂ {0} × R3. Its
boundary ∂R will be a closed surface.
It is impossible to define a linking number l with a bounded 3-dimensional region R ⊂ R3 inside
R
4, so there is no notion of a linking number between l and R. But recall we always assume that
all the nodes on π0(l) have the same sign, so indeed we will have the minimum even number of
nodes. Therefore, we can define the confinement number between l and R, by counting how many
of the nodes in Nd(π0(l)) ⊂ R3, viewed as being 0-dimensional manifold, lie in the interior of a
compact region R.
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Since a loop l is disjoint from a compact region R ⊂ {0} × R3, thus if there is an arc C in l
such that π0(C) ⊂ R, then we must have that τ(~x) > 0 or τ(~x) < 0 for every ~x ∈ C. By applying
Movement W , we can slowly remove π0(C) out of the interior of ∂R, so under ambient isotopy, the
projection π0 of a loop l
′ equivalent to l will be disjoint with π0(R). The nodes of a framed knot
π0(l
′) will not lie in the interior, which will give us a trivial confinement number. Hence we need
to make changes to the definition of the equivalence class.
Definition 3.1 Suppose we have a pair (L,R), whereby L is a time-like hyperlink, disjoint from
a compact region R. Assume that each component loop lu ∈ L is a framed loop, i.e. we have nodes
on π0(l
u), possibly empty, and all the nodes have the same algebraic sign. We say that (L,R) is
time-like isotopic to (L′, R′) if there is a continuous map F as defined in Definition 1.4, such that
F1(R) = R
′ ∈ {0} × R3 and for each u, F1(lu) = l′,u ∈ L′, and for every t, Ft(R) ∈ {0} × R3
and Ft(x) ∈ Ft(π0(lu)) ∩ (R \ ∂R) for x being a node in Nd(π0(lu)) ⊂ {0} × R3. Using the above
isotopy, we can define an equivalence relation and hence an equivalence class containing (L,R).
Remark 3.2 The last property says that during the time-like isotopy, the nodes on the deformed
loop Ft(π0(l
u)) are not allowed to cross the boundary ∂S.
Definition 3.3 (Confinement number)
Let R be a compact region in {0} × R3, L = {l1, . . . , ln} be a framed hyperlink and define
Nd(π0(l
u)) ⊂ R3, the finite set containing the minimum number of nodes on the projected loop
π0(l
u) ⊂ R3, lu ∈ L. Thus, all the nodes have the same algebraic sign.
For an equivalence class [(L,R)] as defined in Definition 3.1, we define the confinement number,
νR(L), as
νR(L) :=
n∑
u=1
νR(l
u),
whereby νR(l
u) is equal to the number of nodes in Nd(π0(l
u)) that lie inside R.
Remark 3.4 If there is no frame assigned, hence no nodes, then the set of nodes will be the empty
set. By definition, we only consider the minimum number of nodes on the knot, so we are not
allowed to add more half-twists.
Notice that we count the number of nodes from the framed knot, which lie inside the interior
of R, under the assumption that the set Nd(π0(l)) is disjoint from the boundary of ∂R of R. We
allow the knot π0(l) and the region R to be deformed up to ambient isotopy, as long as the set
Nd(π0(l)) remains disjoint from the boundary ∂R.
Proposition 3.5 The confinement number is an invariant, under the equivalence relation given
in Definition 3.1.
Proof. Let [(l, R)] = [(l′, R′)] be an equivalence class, l is a time-like loop. It suffices to show
that νR(l) = νR(l
′) for a framed loop. Let F be a continuous map as described in Definition
3.1, such that F1(l) = l
′ and F1(R) = R
′. Because F is a homeomorphism, it maps Nd(π0(l)) to
Nd(π0(l
′)) injectively. The nodes that lie in the interior of R can only be mapped to nodes in the
interior of R′ and vice versa, again by the property of F . Thus, νR(l) = νR(l
′).
When there is an arc C such that π0(C) is in the interior of R, then we note that this arc must
occur before or after time x0 = 0, implying causality. Thus, the nodes on π0(C), if any, must be
time-ordered with the region R. By definition of the equivalence relation, the time occurrence of
these nodes cannot change. Hence, causality is preserved under time-like isotopic.
14
4 Summary
We would like to end off by summarizing all the facts we have have discussed. Our ambient space
is R× R3, a 4-manifold. We consider the following sub-manifolds as follows.
Let L and L be two distinct hyperlinks, the former will be termed matter hyperlink, and latter
termed as geometric hyperlink. The hyperlinks are expected to be time-like and for l
u
∈ L and
lv ∈ L, we have l
u
< lv or l
u
> lv. Together, they form a time-like hyperlink χ(L,L), consisting of
time-ordered pair of hyperlinks.
Equip the matter hyperlink with a frame, so that π0(L) is a framed link. That is, add in nodes
to π0(L). Further assume that we have the minimum number of nodes, which is equivalent to all
the nodes from the same component knot in π0(L) having the same algebraic sign. The set of
nodes should be thought of as an equivalence class, denoted by Nd(π0(L)).
Introduce a (possibly disconnected) compact surface S in R4, with or without boundary. If it
has boundary ∂S, then ∂S ∪ χ(L,L) together must form a time-like hyperlink and furthermore,
each component loop in χ(L,L) is time-ordered with S, only if S has boundary. Finally we have a
(possibly disconnected) compact region in {0}×R3 ⊂ R4. We assume that χ(L,L) do not intersect
S and R.
Let us summarize all the invariants we have discussed in the following theorem.
Theorem 4.1 Consider the triple {S,R, χ(L,L)} as described above. Note that χ(L,L) do not in-
tersect S and R. We define a time-like and time-ordered equivalence relation, and say {S,R, χ(L,L)}
is time-like isotopic to {S,R, χ(L,L)}, preserving the time-ordering, if
1. [∂S ∪ χ(L,L)] is time-like isotopic, preserving the time-ordering, to [∂S ∪ χ(L,L)];
2. (χ(L,L), S) is time-like isotopic, preserving the time-ordering, to (χ(L,L), S);
3. (L,R) is time-like isotopic to (L,R).
When S has no boundary, then we will replace item 2 with S is ambient isotopic to S, with ∂S = ∅.
If the above conditions are met, then we will call this equivalence class as a time-like triple.
Furthermore,
1. the hyperlinking number sk(L,L) of χ(L,L);
2. the piercing number νS(L) between S and L;
3. the confinement number νR(L) between R and the framed hyperlink L;
4. the linking number lk(L, S) between L and S,
are all invariant under time-like isotopy, preserving the time-ordering, as described above.
Remark 4.2 Note that linking numbers for knots do not appear in quantum geometry. Instead,
they showed up in quantized Chern-Simons theory, as shown in [11]. The idea of using Chern-
Simons theory to obtain knot invariants was first described in [2].
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During the time-like isotopy, we insist that time-ordering is preserved, between loops. On
careful thought, this restriction is indeed necessary. Causality is respected in special relativity, i.e.
cause and effect cannot be interchanged.
Consider the equivalence class containing a matter loop and a geometric loop, for simplicity. In
the equivalence class, we consider either the matter loop occurs before or after a geometric loop.
This means two things. First, a cause and effect is implied in this class. Secondly, this cause and
effect must be preserved under any homeomorphism of space-time, as required by the equivalence
relation. Even when the hyperlinking number between them is 0, we are still not allowed to switch
their causality, even though an ambient isotopy between them exists, which ensure they are time-
like throughout the process. Hence causality between matter and geometric hyperlinks become a
necessary condition under the equivalence relation.
Throughout the article, we introduced geometric objects like a compact surface and region.
We also remarked that time-ordering is either implicitly or explicitly defined, hinting that a cause
and effect event is at play. Furthermore, causality is preserved under the appropriate equivalence
relation.
Quantum geometry was developed in the mid-nineties by several researchers and a detailed
reference can be found in [16], [17] and [18]. From these articles, one can see that quantum
geometry is in a way, describing the discretization of space-time.
But make no mistake. It is not discrete geometry. In [19], the authors describe quantum
geometry as a theory of interaction between quantum matter and quantum geometry. Evidently
in this article, quantum matter and geometry are represented by matter and geometric hyperlinks
respectively. More generally, quantum geometry is a topological theory, which focuses on how
sub-manifolds are ‘linked’ in R4 or any globally hyperbolic 4-manifold, rather than the ambient
manifold itself. But what sets it apart from other topological theories?
In topology, area, volume and curvature have no meaning. One needs to define a metric or a
connection to define these quantities. Unlike topological theory, in quantum geometry, we do have
notions of area and volume in quantum geometry, without using a metric or connection.
In Loop Quantum Gravity, one uses the Einstein-Hilbert action to define a path integral.
See [20]. By averaging area of the surface or volume of a region over all (degenerate) metric,
one can quantize the area and volume into its corresponding operators. This was done in [6]
and [9] respectively. The eigenvalues are computed from the piercing and confinement numbers
respectively, which are invariants of the time-like triple discussed above. The discrete eigenvalues
hence show that space-time is discretized.
In a similar manner, we can quantize curvature of a surface by averaging over all connections
on ambient space, into an operator. Quantized curvature now becomes an invariant under an
equivalence relation, computed using the linking number between a surface and a hyperlink. See
[7].
In quantum geometry, there is no preferred choice of metric or connection, hence no classical
background geometry is introduced. So, area and curvature of a surface S and the volume of a
compact region R, represented up to ambient isotopy, are not defined in the classical sense. The
time-like triple {S,R, χ(L,L)} considered in quantum geometry gives meaning to area, volume and
curvature and turn these physical quantities into invariants, under an equivalence relation.
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